Signatures of Noncommutative Geometry in Muon Decay for Nonsymmetric Gravity 
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It is shown how to identify potential signatures of noncommutative geometry within the decay 
spectrum of a muon in orbit near the event horizon of a microscopic Schwarzschild black hole. This 
possibility follows from a re-interpretation of J.W. Moffat's nonsymmetric theory of gravity, first 
published in Phys. Rev. D 19, 3554 (1979), where the antisymmetric part of the metric tensor 
manifests the hypothesized noncommutative geometric structure throughout the manifold. It is 
further shown that for a given sign convention, the predicted signatures counteract the effects of 
curvature-induced muon stabilization predicted by D. Singh and N. Mobed in Phys. Rev. D 79, 
024026 (2009). While it is unclear whether evidence for noncommutative geometry may be found at 
the Large Hadron Collider (LHC) anytime soon, this approach at least provides a useful direction 
for future quantum gravity research based on the ideas presented here. 
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Introduction. -Efforts to find a unified theory of par- 
ticle physics beyond the Standard Model (SM) have led 
researchers to consider various approaches towards reach- 
ing this goal. One possibility that has gained widespread 
attention over the past two decades is string theory 
primarily because of the claim that it includes a quan- 
tum theory of gravity within its framework. However, 
there are numerous competing formulations, such as loop 
quantum gravity 0] and others, with radically different 
foundations and implications as they relate to Beyond- 
Standard-Model (BSM) physics. This is due to the fact 
that the SM offers no insights about how gravity behaves 
at quantum length scales. 

A recent approach in quantum gravity of serious con- 
sideration is noncommutative geometry [3j|, which as- 
sumes that pairs of space-time co-ordinates violate com- 
mutation at some scale k with dimensions of area, and in- 
stead behave like noncommutating operators. This prop- 
erty is described by 



(i) 



where X M is a Hermitian co-ordinate operator and J^ v 
is a dimcnsionless antisymmetric Hermitian operator, re- 
sembling orbital angular momentum generators with an 
SU(2) Lie algebra structure. Historically, this proposal 
was introduced several decades ago Q to truncate ul- 
traviolet divergences in the early developments of QED, 
but lost favour after successful techniques of regulariza- 
tion and renormalization were introduced. Nonetheless, 
noncommutative geometry has made a resurgence of late, 
in part because of its capacity to offset curvature singu- 
larities inside black holes [B| by truncating the curvature 
field strength in much the same way as was done to over- 
come perceived deficiencies in quantum field theory. 

In contrast to taking a direct approach for quantum 
gravity research, a recent investigation Q focussed on the 
more intermediate problem of understanding the appli- 
cability of the Poincare group, the space-time symmetry 



group for classifying elementary particles according to 
their mass and spin angular momentum, for situations 
involving the non-inertial motion of spin-1/2 particles in 
space with respect to a global laboratory frame in a flat 
space-time background. This is a relevant issue given 
that the Poincare group is well-defined only for strictly 
inertial motion [6j , leading to conceptual challenges when 
applied to an elementary particle's accelerated motion 
in flat space-time or geodesic motion in curved space- 
time. By describing the Poincare group generators for 
the canonical momentum P in terms of curvilinear spa- 
tial co-ordinates to accommodate the symmetries of the 
particle's classical spatial trajectory, it is shown that the 
corresponding Pauli-Lubanski spin four-vector W yields 
a Casimir scalar W ■ W that is no longer the Lorentz in- 
variant | (i + l) trig, where rn\ = P P. Rather, W ■ W 
is now frame dependent due to an additive term coupling 
the Pauli spin operator <x with a Hermitian three-vector 
R l = (t^-) e % i k [Pj, Pk], known as the non-inertial dipole 
operator [g, 0] because it generates an interaction term 
analogous to a dipole interaction with a magnetic field. 
For r the particle trajectory's local radius of curvature 
with respect to the laboratory frame, the dimensionality 
of R is \P\/r, with the property that R — > for fixed 
momentum as r — > oo, while for Cartesian co-ordinates 
to represent strictly rectilinear motion, R = identically 

More recently, this computation was repeated in the 
presence of a curved space-time background, described in 
terms of Fermi normal co-ordinates. Upon applying the 
formalism to the specific example of muon decay while or- 
biting a microscopic Kerr black hole [§| , it was shown that 
the muon decay spectrum becomes significantly distorted 
due to both non-inertial effects from R and curvature- 
induced contributions, ultimately leading to a predicted 
stabilization of the muon when approaching an orbital 
radius close to the particle's Compton wavelength. This 
by itself is a highly significant result, since it suggests 
that the intersection between quantum mechanics and 
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gravitation becomes relevant at a length scale over 20 
orders of magnitude larger than the Planck scale for this 
application, and suggests non-trivial behaviour of ele- 
mentary particles in curved space-time apparently unac- 
counted for by current explorations of quantum gravity 
research. It also corroborates an earlier claim Q that pre- 
dicts curvature- induced changes to the electric field at the 
Compton scale generated by a charged microscopic Kerr 
black hole with the same mass and spin as an electron. 
In addition, this paper noted an interesting observation 
that if the metric tensor in Fermi normal co-ordinates 
F g^ v (X) were allowed to become nonsymmetric while si- 
multaneously allowing for — > in accordance with 
([1]) , then it is theoretically possible to identify non-trivial 
signatures of noncommutative geometry in the muon de- 
cay spectrum. However, a preliminary computation with 
this extension yielded no contribution whatsoever due 
to noncommutative geometry, a highly surprising result 
with no obvious explanation forthcoming. 

Nonetheless, since this first investigation into noncom- 
mutative geometry, it was soon realized that a more com- 
plete computation to yield a signature would require the 
full details of a suitably-defined nonsymmetric theory of 
gravity. It so happens that a theory of nonsymmetric 
gravity developed years ago by Moffat [3, 11 1, origi- 
nally derived as a purely classical theory with a different 
motivation in mind, may satisfy this requirement if the 
antisymmetric part of the metric tensor is identified ex- 
clusively with the noncommutative geometric extension 
of space-time, as originally proposed 0]. The purpose 
of this paper is to present the outcome of this compu- 
tation in a microscopic Schwarzschild space-time back- 
ground using Moffat's nonsymmetric gravity theory to 
incorporate additional curvature terms coupled to k that 
were previously not considered. As well, this paper com- 
pares two possible formulations of noncommutative ge- 
ometry, as determined by the choice for J^ u (X a ) in (fT|). 
While k may have theoretical physical constraints on its 
magnitude, in this paper k is treated as a free parame- 
ter to be determined by observation. Geometric units of 
G = c = 1 are assumed throughout, where the curvature 
tensors presented here satisfy the conventions of MTW 
[l2| but with —2 metric signature. 

Formalism. -While details of the formalism employed 
here are given elsewhere [8| , it is important to offer some 
relevant highlights to justify its later extension to in- 
clude noncommutative geometry. Given Fermi normal 
co-ordinates AT M = [T, A 1 ) defined in a local neighbour- 
hood about a spin-1/2 particle's worldline, where T is 
the proper time and X 1 is the local Cartesian spatial co- 
ordinate in the Fermi frame, the covariant Dirac equation 
with mass m and <9 M = d/dX^ is 

[ir{X){d^+iT tl {X))-m/h]i,{X) = 0. (2) 

The set of gamma matrices {^^(X)} satisfy 
{^(X),^(X)} = 2g^(X) and T^X) is the spin 



connection. An orthonormal vierbein set {e M a(X)} 
and its inverse |e Q p (A)} can be obtained to define 
a local Lorentz frame, denoted by co-ordinates with 
hatted indices. The metric tensor is then described by 
F g^(X) = v & e%(X) eK{X), such that 



F g m {X) = l- F R mm (T)X l X m + 
F 9o,(X) = -l F R Wjm (T)X l X m + 

F 9ij{X) = rjij — - F Rujm(T) X 1 X 1 



(3a) 
(3b) 

(3c) 



where r\^ v is the Minkowski metric and F R^apviT) is the 
projection of the Riemann tensor for general relativity 
(GR) onto the Fermi frame. 

A straightforward conversion of © to mutually orthog- 
onal spatial curvilinear co-ordinates is then introduced, 
defined by = (l> 1 ), where X 1 = X*(u). Subsequent 
projection of |(5J) onto the local Lorentz frame leads to 



[ 7 A (P A -^r A (C/))-m]^(C/) = 0, 



where 
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After defining D A 



h Tp_ and using the identity 
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where e^f" 7 is the Levi-Civita symbol with e 0123 = 1, it 
follows that 
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(8) 
(9) 



where "S" gives the symmetric part of the spin connec- 
tion under chiral symmetry and "C" implies chiral de- 
pendence by its coupling with 7 . 

Following standard definitions, the Pauli-Lubanski 
vector in a local Lorentz frame is 



4 <*Pi 



(10) 



Using both (JT]) and the identity e^opa — —2ij 5 ap,o, 
its squared magnitude is 
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and leads to 
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where m 2 , = P a P&, the Casimir invariant for mo- 
mentum, is the gradient operator in curvilinear co- 
ordinates, and Q & jj is purely curvature-dependent. When 
RnvapiT) — > 0, (fT2|) reduces to its flat space-time ex- 



pression [6J, where | (<r • R) is the non-inertial dipole 
interaction term to justify the given name for R. 

Extension for Noncommutative Geometry.-To ensure 
that ^ is truly symmetric requires assuming that the 
Riemann tensor is also symmetric in the middle two 
indices. Since this is generally not true, the symmet- 
ric properties of F g^(X) follow directly from assuming 
the condition that ds 2 = F g f _ LV (X) dX^ dX", where X^ 
and dX 11 are ordinary c-numbers. This is an important 
observation given that the antisymmetric combination 
F R„ [a 0]v{T) = \ [ F R^,(T) - F R^(T)] leads to the 
appearance of terms like 



Rfi[afi\u(T) X^ X" = 



-\ F R af}liV (T)[X^X»] . (13) 



Assuming that X^ are ordinary c-numbers, it fol- 
lows that (I13p automatically vanishes. However, if 
X^ — > X M , then (TIB")) is nonzero from (JTJ) , which results 
in ds 2 -» \ F g (llv) {X) {dX^ ® dX" + dX v ® dX^) + 
\ F ' 9\tiv\ (-X") dX' 1 A dX u , where F ' gw v \ (X) is a Hermitian 
operator defined at the S-scale, and 
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6° fj, F Rojki(T) + — 5 l fj, F RijkiiT) 



x J kl (X). 



(14) 



This leads to an immediate extension of the spin connec- 
tion, in the form 



s(S) 

A 

,(c) 



- (S) ik F , , T i m 



-> ff + t £eW fi F R lmJkt0 {T)J lm , (15b) 



which subsequently introduces non-trivial terms to (jlOp . 

Moffat's Nonsymmetric Gravity Theory. -It is reason- 
able to surmise that metric corrections due to noncom- 
mutative geometry, as proposed by (|14|). are very small. 
Nevertheless, by allowing for F g^](X) ^ 0, it is clear 
that a generalization away from GR is still required to ac- 
commodate a nonsymmetric description of gravity. The 
theory put forward by Moffat 1(J U | proposes that both 



the metric tensor g^ and the connection T ^ are non- 
symmetric in their lower indices. Furthermore, the modi- 
fied curvature tensor is described using the nonsymmetric 



W 



Wu 



(16) 



where = W [uX] is a vector field expressed in terms 
of g\u V ] ■ The modified tensor components in the Fermi 
frame are then introduced into the orthonormal vierbeins 
{e^a(X)} and inverse vierbeins {e%(X)} Q. Moffat's 
theory is particularly useful in the linear approximation 
about the Minkowski metric since the symmetric 

and antisymmetric field equations decouple to first or- 
der. Given that F g fl „(X) according to ([3j> is expressible 
precisely as a linearized expansion about rj^v, this par- 
ticular form of Moffat's nonsymmetric gravity theory is 
especially useful in this context. 

Noncommutative Geometry in Muon Decay. -For this 
paper, the decay process occurs for a muon in circular 
orbit around a microscopic Schwarzschild black hole || 
of mass M = 3x 10~ 12 cm with (classical) orbital radius 
ro ~ 6A/, where X 3 represents spatial quantum fluctua- 
tions about ro . The matrix element [6J, [8| for the muon 
decay reaction ji~ — ► e~ + v e + Vu is 



G 



\M\* = ^ 



(17) 



where 



(w 



Tr r (p^ + 7° (1 " 7 5 )J ,(18a) 

= Tr[(P e +m e7 5 ? i e ) 7 ' i ^ 7 ' > (l- 7 5 )] , (18b) 

and n M is the polarization vector for the charged lep- 
ton. From the orthogonality condition D « = 0, 
it can be shown [H that = [^( S - Rc ) + i^( S ' Im )] + 
7 5 [fi( c > Kc ) + i^( c . Im )] , eventually leading to 



\M\ 



2 = 32 G 2 F 
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where D & = P & ~h (tf ] - i f f ) + m (n<P } - 
Both the gravitational and _R-dependent contributions 
to the muon decay rate are additive corrections to To ~ 
(15a) G|m5/(192 7r 3 ) sa 2.965 x 1CT 16 MeV @. As well, \M\ 2 
formally contains new terms due to noncommutative ge- 
ometry when accounting for (|15[) and the additional cur- 
vature terms due to Moffat's theory. 

For t his p aper, J' 1 " is defined according to two possible 
choices [13] : 



J""(X) = iCf 



(o) 



= — C; 
ro 



(1)7 



X" 



(Case 1) (20a) 
(Case 2) (20b) 



where and C^ 7 are dimensionless real- valued struc- 



ture constants chosen with 



G tJ , 



+ 1 for 

= {12, 23, 31}, and all others equal to zero. When ap- 
plied to Moffat's nonsymmetric theory 11 1, it is shown 



(a) M = 3 X 10" 12 cm (r ~ 6A/) 



(b) = 5 x 1CT 9 cm (Case 1) 



(c) Vk = 2x 10" 8 cm (Case 2) 



FIG. 1: Michel spectrum for muon decay while in cir cular orbit around a microscopic Schwarzschild black hole of mass 
M — 3 x 10~ 12 cm and orbital radius ro ~ 6M. Fig. 1(a) shows the various profiles available, including both curv ature 
and independent non-inertial contributions (NI) §], minus the predictions due to noncommutative geometry (NG). Fig. 1(b) 
shows the contributions due to noncommutative geometry for Case 1, given by (|20a|l . while Fig. 1(c) shows the corresponding 
description for Case 2, given by (|20b|) . 



that the components for (as c-numbers) in the Fermi 
frame for Case 1 are 



while the corresponding components for Case 2 are 

n 
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(22a) 
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(22b) 



Analysis and Conclusion.-AYl computations in this pa- 
per are performed in the muon's local rest frame. Fig- 
ure [T] shows the Michel spectrum T(x) — dT/dx in units 
of Tq as a function of the outgoing electron energy frac- 



tion x. It is clear from Fig. 1(a) in the absence of noncom 



k due to Cases 1 and 2, respectively, where the change 
of profile occurs for x > 0.65. It is interesting to note 
that this contribution serves to counteract the emergent 
curvature-induced stabilization at the muon's Compton 
wavelength scale for the adopted sign convention of the 
structure constants. As well, it is surprising to note that 
a signature appears only for terms quadratic in curvature 
but linear in k, as all such linear curvature terms iden- 
tically vanish when time-averaged over an orbital cycle. 
The reasons for its occurrence are not known. 

Identification of a discernable signal requires Vk ~ 
1CP 9 cm for Case 1, about an order of magnitude smaller 
than for Case 2. While this length scale for \/k is 
within the realm of possibility and is strictly speaking 
an unknown quantity, its value is at least ten orders of 
magnitude larger than the theoretical upper bound of 
Vk ~ icr 18 cm [3] predicted in the context of noncom- 
mutative QED in flat space-time. Since this treatment of 



noncommutative geometry requires a curved space-time 
background to manifest its existence, it is unclear how the 
empirically- motivated choices for \fk in Figs. 1(b) and 
1(c) relate with the theoretical motivations given else- 
where. Irrespective of whether the Large Hadron Collider 
(LHC) can produce Schwarzschild black holes without in- 
voking large extra spatial dimensions, it is also unclear 
whether direct observational evidence for noncommuta- 
tive geometry can be gained by this method. Nonethe- 
less, this approach at least provides an interesting avenue 
for further exploration. 
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